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SCHLESINGER FOLIATION FOR DEFORMATIONS OF
FOLIATIONS.
YOHANN GENZMER
Abstract. In this article, we show that for any deformation of analytic fo-
liations, there exists a maximal analytic singular foliation on the space of
parameters along the leaves of which the deformation is integrable.
This work was partially supported by ANR-13-JS01-0002-0.
1. Introduction and statements.
The Painlevé V I equation [1], that motivates this work, is a non-linear differential
equation of order two. The leaves of the induced foliation parametrize the integrable
deformations of linear Fuchsian systems over the four-punctured complex sphere.
This a particular case of the Schlesinger systems that parametrize the integrable
deformations of Garnier systems. In both case, a foliation on the space of param-
eters of the deformation whose leaves parametrize the integrable deformations is
described.
Our purpose is to highlight this phenomenon in a general context for deformations
of regular foliations.
Theorem. Let (Xm,Fn)
π
−→ Bp be a proper deformation of analytic regular folia-
tions with Bp as space of parameters. Then there exists a unique analytic singular
foliation H on Bp of maximal dimension among those that integrates the defor-
mation. In particular, H satisfies the following property: for any leaf L of H, the
restricted deformation
(Xm,Fn)|π−1(L)
π
−→ L
is integrable.
The definition of a foliation integrating a given deformation will appear below.
If we remove the maximality property, then the theorem becomes trivial. Indeed,
the foliation of Bp by points satisfies its conclusion. Moreover, for a generic defor-
mation, the foliation H produced by the result above will be indeed the foliation
by points. Nevertheless, in view of the example mentioned in the introduction,
the foliation H deserves to be called the Schlesinger foliation of the deformation.
Finally, the main theorem holds in the real analytic class as well as in the complex
one.
It might be possible that along some exceptional curves transverse to H, the defor-
mation is also integrable. Such a curve has to be more or less isolated : they cannot
foliate the manifold Bp even locally. For instance, in the framework of the theory
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of Fuchsian systems, consider the six parameters family defined by
(1.1)
d
dz
=
A1
z − u1
+
A2
z − u2
+
A3
z − u3
where Ai =
(
0 ai
0 0
)
. Since the matrices Ai commute, the Schlesinger system
[8] reduces to
∂Ai
∂uj
= 0, i, j = 1, 2, 3.
Thus, the Schlesinger foliation of this deformation is given by da1 = da2 = da3 = 0.
However, if a1 = a2 = 0 and a3 6= 0, then (1.1) degenerates toward a system which
is conjugated to
d
dz
=
(
0 1
0 0
)
z − u3
.
Therefore, at any point (0, 0, a3) with a3 6= 0, the family (1.1) is still integrable along
the whole submanifold a1 = a2 = 0, which is not a leaf of the Schlesinger foliation.
Hence, in general, the leaf of H does not parametrize the maximal submanifold
along which the deformation is integrable.
The main theorem can be compared to the following result of Kiso [4]: let L be
a Lie algebra of holomorphic vector fields on a complex manifold N ×M tangent
to the projection on M . If L is simple and of finite dimension then there exists a
maximal foliation on N along the leaves of which L is integrable. In our context,
the Lie algebra underlying the foliation Fn is in general not of finite dimension.
Moreover, the fibration π is not trivial: the manifold supporting the foliation can
also be deformed.
2. Deformation of foliations and Kodaira-Spencer map.
2.1. Deformations of foliations. Few definitions below concern foliations with
maybe a singular locus, but the main theorem is stated only for regular deformations
of regular foliations.
Let Xm be an analytic manifold and ΘXm its tangent sheaf. Let E be a coherent
subsheaf of ΘXm . The stalk of E at any point p is finitely generated as Cω (Xm)p-
module - the analytic functions on Bp - and we denote by rankp (E) the minimal
number of elements of a generating family. The singular locus of E is defined by
Sing (E) = {p ∈ Xm|dimR {v (p)| v ∈ Ep} < rankp (E)}
Since E is coherent, the singular locus is an analytic subset of Xm [6]. The sheaf
is said regular if Sing (E) = ∅. The integer
d = max
p∈Xm
dimR {v (p)| v ∈ Ep} ≤ m.
is called the dimension of E and m− d its codimension.
Definition 1. An analytic foliation on Xm is a coherent subsheaf F of ΘXm which
is integrable, i.e,
[Fp,Fp] ⊂ Fp for any p ∈ X
m \ Sing (F) .
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Definition 2. A deformation of regular foliation, denoted by (Xm,Fn)
π
−→ Bp, is
the data of a proper submersion π : Xm → Bp, where Xm and Bp are smooth
manifold and of a regular foliation Fn tangent to the fibers of π, i.e., Fn ⊂ ker dπ.
The integer m is the dimension of Xm, p the dimension of Bp and n the dimension
of Fn.
The following lemma is a direct consequence of the Frobénius [2] theorem and states
that a deformation of foliation is locally trivial in the total space.
Lemma 3. Let (Xm,Fn)
π
−→ Bp be a deformation of foliation and x ∈ Xm. There
exists an isomorphism φ of deformations of foliation defined on an open neighbor-
hood U ∋ x such that the following diagram commutes
(U, Fn|U )
φ
//
π
%%❑
❑
❑
❑
❑
❑
❑
❑
❑
(Rm−p ×Bp, Ln)
pr2
ww♦♦
♦♦
♦♦
♦♦
♦♦
♦
π (U)
.
In the second term of the above commutative diagram, the foliation Ln of Rm−p×Bp
is given by the fibers of the projection
Π :
{
Rm−p ×Bp → Rm−p−n ×Bp
(x1, · · · , xm−p, τ) → (x1, · · · , xm−p−n, τ)
.
Figure 2.1. Local trivialization of a deformation of foliation.
Definition 4. Let (Xm,Fn)
π
−→ Bp be a deformation of foliations. A foliation
H of Bp is said to integrate the deformation if, for any point τ ∈ Bp \ Sing (H),
there exists a neighborhood U ∋ τ and a regular foliation G in π−1 (U) such that
dimG = n+ dimH where n is the dimension of Fn and
Fn|π−1(U) ⊂ G ⊂ π
∗ H|U .
The deformation is said to be completely integrable if and only if the trivial foliation
H = Bp integrates the deformation.
In particular, for any leaf L of H, the restricted deformation
π :
(
π−1 (L) , Fn|π−1(L)
)
→ L
is completely integrable. In Figure (2.1), the deformation is locally completely
integrable: the foliation H has one leaf and the foliation G of the definition above
is given in the coordinates of Lemma 3 by the fibers of the projection
p :
{
Rm−p ×Bp → Rm−p−n
(x1, · · · , xm−p, τ) → (x1, · · · , xm−p−n)
.
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Our goal is to show the existence of a unique maximal integrating foliation.
2.2. The sheaf of basic vector fields.
Definition 5. A vector field v is said to be basic for F if and only if
[v,F ] ⊂ F .
Definition 6. A vector field v is said to be projectable if and only if there exists
a of vector field w on Bp such that the following diagram commutes
Xm
π
//
v

Bp
w

TXm
dπ
// TBp
.
It is said to be vertical if w = 0, i.e., dπ (v) = 0.
We denote by Bπ the sheaf of basic and projectable vector fields and B0 the subsheaf
of basic and vertical vector fields. The sheaf B0 is a sheaf of modules over the ring
of local first integrals of Fn. In the coordinates given by Lemma 3, a section of the
quotient sheaf B
0
/Fn is written
m−p−n∑
i=1
a (x1, . . . , xm−p−n, τ)
∂
∂xi
.
Hence, B
0
/Fn is a free module. It will be more convenient to work with a C
ω (Xm)-
module, which is why, we will consider the product B
0
/Fn ⊗ C
ω (Xm) . It is also a
locally free sheaf over Cω (Xm).
2.3. The basic Kodaira-Spencer map. Let w be a vector field on Bp defined on
a small open setW of Bp. According to Lemma 3, there exists a covering {Ui}i∈I of
a neighborhood in Xn of π−1 (W ) such that the deformation is trivialized on any Ui
by some conjugacy φi. For any Ui, the vector field vi = dφ
−1
i (0, w) is a section of B
π
on Ui that projects on w. Considering the image of the family {vi ⊗ 1− vj ⊗ 1}ij
in H1
(
π−1 (W ) ,B
0
/Fn ⊗ C
ω (Xm)
)
, we obtain a Cω (Bp)−morphism of sheaves
∂Fn : ΘBp → R
1π∗
(
B0/Fn ⊗ C
ω (Xm)
)
which is called the basic Kodaira-Spencer map of the deformation. Notice that
this is not the standard Kodaira-Spencer map as defined in [5] since, it does not
measure the infinitesimal directions of triviality, but the infinitesimal directions of
integrability.
Lemma 7. ker ∂Fn is a foliation of Bp.
Proof. The sheaf B
0
/Fn⊗C
ω (Xm) is a coherent sheaf of Cω (Xm)-modules. Since
π is proper, R1π∗
(
B0/Fn ⊗ C
ω (Xm)
)
is a coherent sheaf of Cω (Xm)Bp −modules
, and so is ker∂Fn [3] . Suppose w1 and w2 belong to the kernel of ∂Fn. By
construction, there exist two families {vǫi}i , ǫ = 1, 2 of sections of B
π such that for
any i and ǫ, the vector field vǫi projects on wǫ and such that for any i, j and ǫ,
vǫi − v
ǫ
j = t
ǫ
ij ∈ F
n.
SCHLESINGER FOLIATION FOR DEFORMATIONS OF FOLIATIONS. 5
The difference of their Lie brackets is written[
v1i , v
2
i
]
−
[
v1j , v
2
j
]
=
[
v1j , t
2
ij
]
−
[
v2i , t
1
ij
]
+
[
t1ij , t
2
ij
]
Since [Bπ,Fn] ⊂ Fn and since the map dπ commutes with the Lie bracket, one has
∂Fn ([w1, w2]) =
{
[v1i , v
2
i ]⊗ 1−
[
v1j , v
2
j
]
⊗ 1
}
i,j
= 0.
So ker ∂Fn is integrable and thus is a foliation. 
3. Integrating foliations of deformations.
Consider the trivial projection Rm−p×Rp → Rp where the source is foliated by Ln
given by the fibers of{
Rm−p × Rp → Rm−p−n × Rp
(x1, · · · , xm−p, τ) → (x1, · · · , xm−p−n, τ) .
Let {Ti}i=1,··· ,l be an involutive family of germs of vector fields inducing a germ of
regular foliation of dimension l in (Rp, τ). The family{
∂xm−p−n+1, · · · , ∂xm−p , T1, · · · , Tl
}
where Ti is seen as vector field in R
m−p × Rp is involutive and defines an inte-
grating dimension n + l foliation G. Notice that G is not unique but does depend
only on the basic part of Ti: for any family of vector fields {Xi}i=1..l tangent to{
∂xm−p−n+1, · · · , ∂xm−p
}
, the distribution{
∂xm−p−n+1, · · · , ∂xm−p , T1 +X1, · · · , Tl +Xl
}
induces the same foliation G. This remark is the key of the proof of the proposition
below.
Proposition 8. Let (Xm,Fn)
π
−→ Bp be a deformation of foliation and w be a
vector field in Bp defined near τ with w (τ) 6= 0. The two following properties are
equivalent:
(1) the foliation induced by w integrates the deformation.
(2) ∂Fn (w) = 0.
Proof. Suppose that there exists a regular foliation G of dimension n + 1 in Xm
such that Fn|π−1(U) ⊂ G ⊂ π
∗H where H is the foliation of Bp induced by w in a
neighborhood U ∋ τ . Applying the classical Frobénius result to G and straightening
locally the fibration π yield a covering {Ui}i∈I of π
−1 (U) and a family of conjugacies
{φi}i∈I such that the following diagrams commute
(
Ui, G|Ui
) φi
//
π
%%❑
❑
❑❑
❑
❑
❑
❑
❑
(Rm−p ×Bp,Rm−p ×H)
pr2
vv♠♠
♠♠
♠♠
♠♠
♠♠
♠♠
♠♠
π (Ui)
By construction, the vector field vi = dφ
−1
i (0, w) is basic for F
n and projects on
w. Thus ∂Fn (w) = {vi ⊗ 1− vj ⊗ 1}ij . Moreover, vi − vj is vertical and tangent
to G. Thus, it is also tangent to Fn. Hence, ∂Fn (w) = 0.
Now, suppose that ∂Fn (w) = 0. For a covering {Ui}i∈I of a neighborhood of
π−1 (U), there exists a family of projectable basic vector fields {vi}i∈I , vi ∈
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ΘXn (Ui) such that each vi projects on w and such that vi − vj is tangent to
Fn. In the local coordinates given by Lemma 3, the vector field vi is written
vi =
m−p−n∑
i=1
ai (x1, · · · , xm−p−n, τ)
∂
∂xi
+
m−p∑
i=m−p−n+1
ai (x, τ)
∂
∂xi
+ w.
Since 
vi −
m−p∑
i=m−p−n+1
ai (x, τ)
∂
∂xi
, ∂xk

 = 0
for k = m−p−n+1, . . . ,m−p, the family of vector fields
{
∂xm−p−n+1, · · · , ∂xm−p , vi
}
is involutive and defines a local regular integrating foliation Gi of dimension n+ 1.
The foliation Gi depends only on the basic part of vi and vi − vj is tangent to
Fn, thus the family {Gi}i∈I can be glued in a global foliation that integrates the
deformation over U . 
Now, we can prove the main result of this article.
Theorem. Let (Xm,Fn)
π
−→ Bp be a deformation of foliations. Then, there exists
a unique singular analytic foliation D on Bp of maximal dimension among those
that integrate the deformation.
Proof. Let us consider the sub-sheaf D of ΘBp defined by v ∈ D if and only the
foliation defined by v integrates the deformation. According to Proposition 8 and
Lemma 7, D is a foliation. By construction, if D has the property of the theorem, it
will be of maximal dimension for that property. Let d be its dimension and consider
a point p in its regular locus. The sheaf D is locally around p spanned by a family of
exactly d non-vanishing vector fields D (U) = 〈w1, · · · , wd〉, U ∋ p. Now, for some
covering {Ui}i∈I of a neighborhood of π
−1 (U), there exists a family of projectable
basic vector fields {vi,k}i∈I, k=1...d, vi,k ∈ ΘXn (Ui) such that vi,k projects on wk
and vi,k − vj,k is tangent to Fn. In the local coordinates given by Lemma 3, the
family of vector fields {
∂xm−p−n+1, · · · , ∂xm−p , vi,1, . . . , vi,d
}
is involutive and defines a family of local integrating foliations {Gi}i∈I of dimension
n + d that can be glued. Finally, we obtain a global regular integrating foliation
that integrates the deformation over U . 
Example 9. Linear foliations on complex tori of dimension 2.
A complex torus of dimension 2 is given by a lattice Λ written
Λ = Ze1 ⊕ Ze2 ⊕ Ze3 ⊕ Ze4
where
{
ei =
(
ei1
ei2
)}
i=1···4
is a R−free family of four vectors in C2. The complex
torus C2/Λ is endowed with a linear foliation given by the closed 1−form
ωα = dx+ αdy
with α ∈ P1 (C) . The linear foliations on complex tori of dimension 2 form a
9−dimensional family of foliations whose space of parameters is U ×P1. Here, U is
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the real Zariski open set in C8 given by the equation
det
(
ℜe1 ℜe2 ℜe3 ℜe4
ℑe1 ℑe2 ℑe3 ℑe4
)
6= 0.
An explicit computation shows that the Schlesinger foliation of this deformation is
given by the closed system
(3.1) H :


d
(
e11+e12α
e21+e22α
)
= 0
d
(
e11+e12α
e31+e32α
)
= 0
d
(
e11+e12α
e41+e42α
)
= 0
.
It is regular on the space of parameters U × P1. This result can also be seen
as follows: the representation of monodromy of ωα on C
2/Λ computed on the
transversal line x = 0 is written
π1
(
C
2/Λ
)
≃ Z4 → Aut
(
CP
1
)
: γi →
(
y → y + ei1 + ei2α
)
, i = 1, 2, 3, 4
A change of global coordinates y → ay+ b on the transversal line x = 0 acts on the
monodromy the following way
y → y + a (ei1 + ei2α) , i = 1, 2, 3, 4
Hence, the conjugacy class of the representation of monodromy is constant along a
deformation if and only if the quotients e11+e12α
ei1+ei2α
, i = 2, 3, 4 are constant, which is
precisely the condition 3.1. Besides that, in this example, any leaf of the Schlesinger
foliation parametrizes the maximal locus of integrability for any point in the space
of parameters.
The foliation H can be compactified as an algebraic foliation H on CP8 ×CP1 and
the fibration
CP
8 × CP1 → CP6(
{eij}i,j , α
)
→ (e11 + e12α, e12, e22, e32, e41, e42)
is transverse to H except over the critical locus S = {(e11 + e12α) e42 = 0} ⊂ CP
6.
This fibration has compact fibers. Thus, according to the Ehresmann’s theorem,
the foliation H has the Painlevé property with respect to that fibration as defined
in [7]. Since, the Painlevé VI equation has also the same property, it is natural to
address the following problem:
Consider an algebraic deformation of an algebraic foliation. Has the
Schlesinger foliation the Painlevé property for an adapted fibration
?
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